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Abstract 

Exact static spherically symmetric charged black holes in four di- 
mensions are presented. One of them has only electric charge and 
another electric and magnetic charges. In these solutions the metric 
is asymptotically flat, has two horizons, irremovable singularity only 
at r = 0, and the dilaton field is singular only at r = 0. The solution 
with electric charge only is characterized by three free parameters, the 
ADM mass, the electric charge and an additional free parameter. It 
can be considered as a modification of the GHS-GM solution obtained 
by changing the coupling between dilaton and electromagnetic field. 
The general dyonic solution is again characterized by three free pa- 
rameters, the ADM mass, the magnetic charge and an additional free 
parameter , which is not the electric charge. According to a definition 
of the no-hair conjecture the solutions are "hairy". A very interesting 
special case of the dyonic solution is characterized by three free param- 
eters, the ADM mass and the electric and the magnetic charges. The 
solutions satisfy the dominant as well as the strong energy condition 
outside and on the external horizon. 

PACS number(s): 04.20.Jb, 04.70.Bw, 04.20.Dw 



1 Introduction 

In a previous work a black hole solution with dilaton and monopole fields 
was found [Ij and subsequently a generalization of this solution was given 
[2]. It is therefore natural to try to extend this work to the case where we 
have electric instead of magnetic charge and to the case where we have both 
charges electric and magnetic. 
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In this work we present two solutions one with electric charge only and 
another with electric and magnetic charges, and we consider special cases 
of these general solutions. The solutions are exact and have some very nice 
features. All describe static spherically symmetric black holes. Their metric 
is asymptotically fiat, has two horizons and irreducible singularity only at 
r = 0. The scalar field is singular only at r = 0. Calculating the eigenvalues 
of the energy-momentum tensor T^,^ of the solutions we can show that all 
solutions satisfy the dominant as well as the strong energy condition outside 
and on their external horizon. 

The solutions contain a number of parameters, which satisfy certain re- 
lations. Therefore we can pick up a number of independent parameters and 
express the rest in terms of them. The independent parameters will tell us if 
the solution is "hairy" or not. There are various formulations of the no-hair 
conjecture According to one of them "we say that in a given theory 

there is black hole hair when the space-time metric and the configurations of 
the other fields of a stationary black hole solution are not completely specified 
by conserved charges defined at asymptotic infinitely" . 

In Einstein-Maxwell theory the stationary asymptotically fiat solutions 
are determined by conserved charges defined at asymptotic infinity and there- 
fore they are not "hairy" [8]. The no-hair conjecture does not generalize to 
theories with non-Abelian gauge fields coupled to gravity [9]. Also Einstein- 
Maxwell-Dilaton black hole solutions have nontrivial dilaton field with an 
additional charge the dilaton charge. For example the GHS-GM solution 
found by D. Garfinkle, G. T. Horowitz and A. Strominger[10] and previously 
by G. W. Gibbons and by G. W. Gibbons and K. Maeda[irj posses a dila- 
ton charge, which however can be expressed in terms of the mass and the 
magnetic charge of the solution. In that sense the "hair" of the GHS-GM 
solution is "secondary" |12j . 

The solution with electric charge only we have found has three indepen- 
dent parameters and as such parameters we can chose the Arnowitt-Deser- 
Misner (ADM) mass, the electric charge and an additional free parameter. 
Therefore according to the above definition it is a "hairy" solution. The 
"hair" is "primary". 

The general dyonic solution and a special case of it have again three free 
parameters, which can be the ADM mass the magnetic charge and an addi- 
tional free parameter. The electric charge is determined from the magnetic 
charge and it is not a free parameter. Again these solutions are "hairy" 
and their "hair" is "primary". Another very interesting special case of the 
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general dyonic solution has as free parameters the ADM mass, the electric 
charge and the magnetic charge, and its "hair" is "secondary". 

The thermodynamic properties of the solutions will be studied elsewhere. 
In the present work only their Hawking temperature is given. 

2 Lagrangian and Equations of Motion 

Consider the action 

J (fx^gL = J <fx^g{R - h^^^d^-i^ - f{^)F,,F^^} (1) 

where R is the Ricci scalar, ■0 is a dilaton field, /('0) is a function of 
and F^y is the electromagnetic field. Since we shall consider only spherically 
symmetric solutions having electric and magnetic charges or electric charges 
only we shall write 

F = 7(r)dr A dt + QMsinOdO A d0 (2) 

where 7(r) is a function of r only and Qm is the magnetic charge of the 
solution. From this action we find the following equations of motion for the 
electromagnetic field , the dilaton field and the metric 

UFn-,, = (3) 



(5^^);P - ^^M^^"'^ = (4) 

Rf.. = ^d^^dytlj + 2/(F^.F/ - ^g^.F.^FP'^) (5) 

We shall consider functions f{ip) such that if we introduce them in Eqs 
([3])- ([5]) we can solve these equations and the solutions we get are asymptoti- 
cally flat, have regular horizons, have dilaton field singular only at r = and 
also have electric and magnetic charges or electric charge only. We write the 
metric in the form [10] 

ds^ = -X^dt" + X-^dr^ + ^dn (6) 

where A and ^ are functions of r only and dVL = dO"^ + sin^OdcjP'. From Eqs 
(ED, © and © we get 

(^^7)' = (7) 
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where prime denotes differentiation with respect to r. From the above rela- 
tion we get 

7=^ (8) 

where Q^; is an integration constant. Also since = i/jlr) and F^^F^^ = 
_2^2 ^ 2^ ^Yie dilaton Eq (g]), if we use Eq ([8]), becomes 

(AWy = ^^(^+QMV) (9) 

The non-vanishing components of the Ricci tensor of the metric ([6]) are 
i?oo, Rill R22 and i?33 = sm^^i?22, and for the first three components we get 
respectively from Eqs (E]), ([5]) ([6]) and (IHl) 

(AT+(A7(ar^ = ^(^+QMV) (10) 

-^A^ + QM^f) (11) 

-[A^(aT + 2 = ^(^ + gMV) (12) 

Eqs (l9l)- (|T2l) form a system of four equations for the three unknowns A^, 
and -0. Of course to get a solution we have to specify first / = /('0). This 
will be done in such a way that physically interesting solutions can be found. 

We have found previously [1] a solution with 7 = and Qm 7^ and 
later we generalized this solution [2]. In the following sections we shall find 
a solution with 7 7^ and Qm = and another solution with 7 7^ and 
Qm 7^ 0, and we shall consider special cases of these solutions. 



3 Solution with Electric Field only 

Assume that 



/(^) = {^ie(^+^^)^ + (726^^"^^)^}-^ (13) 
where c, gi and g2 are constants, and that 
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Qm = (14) 
Then the system of Eqs (!9|)- (fT2|) has a solution with 

[r + a)^ 



' -{^^(^--) + (--^)(^)(^ + -)}drAdt (15) 



2Qe Vc2+Tr2 Vc2 + l(r + af 

,n (r + A)(r + B) , r , ,,r + a,^=£= , , 

r{r + a) r + a r ^ 



e'/' = 6^^0(1 + -)v^ (17) 
r 

where A, _B, a and i/jq are integration constants, provided that the following 
relations are satisfied 



AB{V^Tl - c) 



ja -A)ia- B){V^+1 + c) . . 

From Eqs ([6]) and f|T6|l we get 

r{r + a) r + a [r + A)[r + B) r 

,r + a. 



+ r(r + a)( )^/^^dn (20) 

r 

Our solution is given by Eqs (ITSl) and (fT71) - (!20l) . 

Eq (fT5|) indicates that we have a point charge located at the origin and a 
charge distribution, which is spherically symmetric with respect to the origin. 

Eqs ( IT71) and (|2U]) have appeared in a previous work [2] and therefore 
some of the arguments presented there hold also in the present case. From 
Eq f l20l) we get asymptotically 

a(l + ^4=)-A-B 
- 900 = 1 - ^ ^ + 0{r~') (21) 
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which means that the solution is asymptotically fiat and its ADM mass M 
is given by 

2M = a{l + ^^)-A-B (22) 

Eq (fT7|) tells us that tfjQ is the asymptotic value of Also we shall make the 
choice 

a > 0, A < 0, B < 0, (23) 
for which %l) is singular only at r = and for which we have 

(71 >0, >0, M>0 (24) 

The solution has the integration constants a, A, B, -00 and Qe, which 
for given gi, g2 and c must satisfy Eqs ( |T8i) and ( fT9|) . Therefore only three 
of them are independent. Introducing the ADM mass M by the relation 
(!22|) we can take M, and i/jq as independent parameters. Therefore 
our solution has arbitrary mass, arbitrary electric charge and an additional 
arbitrary parameter. Thus it is a "hairy" solution according to the definition 
given in Ref. [7J. The "hair" is "primary". 

If ( l23ll hold our metric is singular at r = — A and r = —B but not at 



r = —a. However the Ricci scalar R and the curvature scalar R^^^p^R^^P'^ 
are not singular at r = —A and r = —B. Indeed we have [2] 

a^{r + A){r + B) 
2(c^ + l)r^{r + aY V + 



RfiupaR^ ^ ~ A / o , T\'2 (]/■ I Nfi ( I ) (26) 



where P(r, a, A, B) is a complicated polynomial of r, a A and S. Therefore 
we have an irremovable singularity only at r = 0. 

Proceeding as in Ref. [1] and [2] we can introduce Eddington- Finkelstein 
type coordinates and we can show that we have a black hole solution with 
two horizons located at r = —A and r = —5. 

The energy-momentum tensor T^,^ of our solution is given by 



a 
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1 2 AB{V^^+l 
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^r + a {a - A){a - B){^/c^ + 1 + c) r + a Z^'/^- 



X Vc^+i + 



r[r -\- a) r + a, 
r + A){r + By r 



+ "-\'^'!'-!^' (^)^^.A. + f} (27) 

r(r + a) r + a 2 

Calculating the eigenvalues of T^y we can show that it satisfies the dominant 
as well as the strong energy condition outside and on the external horizon. 

The Hawking temperature Th of our solution if A < S < and a > is 
given by [l3] 



- 4vr ^ ^^^^ 

We argued before that we can take M, Qe and iI^q as independent pa- 
rameters of the solution. In this case using Eqs (fTSi) . (fT9l) and fl22l) we can 
express A, _B and a in terms of M, Qe and ■0o- For ^<-B<0, a>0 and 
assuming for simplicity that c = we get 



[Q|(^?2e-^« - ^leV-o) _ 2M2]2 - 8M^Qlg,et} (29) 



+ V [QU92e-^'> - gie^o) _ 2M2]2 - SM^Qlg.e^} (30) 

" = (31) 

where 

2M2>Q|(V^e-^+y^e^)2 (32) 

^72e-'^° - ^?ie^° > (33) 

We have for the extremal solution A = B < and a > 0. This happens 
if Eq ( !32|) with the equality sign and Eq. (133|) hold. In this case we get 

I ihri 

A = B = -pgiQEC- (34) 
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Also if A > 0, B > and a > the metric has a naked singularity at r = 0. 
This happens if 

2M^ < QliVa^e-^ - y/gle^y and ^2e"^° - c/ie^° > (35) 

Finally if (^i = 1 and §2 = our solution reduces to the GHS-GM solution for 
electric charge found by D. Garfinkle, G. T. Horowitz and A. Strominger[10]. 
and by M. Rakhmanov[l4J, and previously by G. W. Gibbons and by G. W. 
Gibbons and K. Maeda|llJ. 



4 Dyonic Solution 

Let us take 



± V[^7le(-+v^)V' + ^^e(^-^/^)'^]2 + ^3 (36) 

where c, g[, g'2 and (73 are real constants. Then the system of Eqs fP)- ffT^ 
has a solution with 



A„ ^ ^ r\ ^.A^OAD A ^J, _ Q M f- 



dr Adt + QMsinOde A d(f) = -^^^dr A dt + QMsinOdO A 



2 



g2^gCi/;o ^/gVc^+l^/^o ^^g-Vc2+lVo ^/2g2Vc2+li/'o ^^2g-2Vc2+l^/'o 

^ + (r + a)2 ^ f + (r + a)4 



+ "It ^( )'^^]^]dr A dt + QusinOde A dt 



1 AB(Vc^Tl-c) (g - ^)(ct - 5)(Vc^ + T + c) 



A^B\V^+l-cf {a - A)2(a - Bf{^^+1 + c)2 
"•"^ + (r + a)4 + 

2A5(a-A)(a-S) 16Q2n2(2^^N ^ 
r^(r + aj^ r^(r + aj^ r + a 

(37) 
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and with A^, and ip given by Eqs (fTB]) and [T7|) . where A, B, a, ipo, Qe 
and Qm are constants, which are connected with the given constants g[, 
gs and c with the relations 

. = ^l^^^?^^,-(c+v^).o (38) 



^3 = (40) 

The charges Q e and are connected by the previous relation, which means 
that it is not possible to take arbitrary values both. Our most general dyonic 
solution is given by Eqs ([IT]), ([20]) and ([370-([4O]) 

The ADM mass M of the solution is given by Eq ( [221) and for the choice 
( |23]) . which we shall make again, -i/; is singular only at r = and we get 

g[>Q, (7^>0, M>0 (41) 

The solution has a number of constants namely the magnetic charge Qm 
and the integration constants A, S, a, ■0o and Qe, which for given g'^, g2, 
g^ and c must satisfy Eqs ([381) - ([40]) . Therefore only three of them are inde- 
pendent and if we take into account Eq. ( [221) we can choose M, Qm and ^/^o 
as independent parameters. Thus the solution has arbitrary mass, arbitrary 
magnetic charge and an additional arbitrary parameter. Therefore it is a 
"hairy" solution according to the definition given in Ref. [7]. The "hair" is 
" primary" . 

Since the Ricci scalar R and the curvature scalar R^yp^jR^^f"' of the solu- 
tion are given by Eqs ([23]) and ([2B]) the singularities at r = —A and r = —B 
are coordinate singularities and only the singularity at r = is irremovable. 
We have a black hole solution with two horizons at r = —A and r = —B. 

The energy-momentum tensor T^^^ of our solution is given by 

T^. = d^ijd^ij + Af^F^pF/ - g^ui^dpipd^iP + hFp^F^''] 
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{r + A){r + B) r — r(r + a) r + a. 



, r . 2/ir e- N 9u,. rCt'^ir + A)(r + B) 

Vc2 + 1 r + a /XV. 2 '-(c^ + l)r3(r + a)3 

hzr h+ , r ^—^s=^ , . 

+ , W^l 42 

Vc^ + lr(r + a) a/c^ + lr(r + a) r + a 



where 



r + e g(c+Vc^ + l)V'0 g(c-Vc^ + l)V'0 

(r + a;)2 



r 



or 



± ^ + + ^3(^) v^]n (43) 

(r + ay r + a 



, A5(V32Tl - c),r + a, (a- A) (a -5) (7^52^ + 
n± = 5 ( H 7 — ^ — 7^ 



x( )v^±{[ 1:-^ i( 



[a 



A){a-B){V^+l + c) r 16(c^ + l)Q|Qi . 

^ (r + a)2 V + a^ ^ r2(r + a)2 ^ ^ ^ 

Calculating the eigenvalues of we can show that it satisfies the dominant 
as well as the strong energy condition outside and on the external horizon. 

The Hawking temperature Th of our solution if ^ < i? < and a > is 
given by Eq. (1251) . 

If we chose M, Qm and ipo as free parameters using Eqs (122]) fl5S]l and 
(!39|) we can express A, B and a in terms of M, Qm and ipo- To simplify 
the calculations we shall assume that c = and we shall call g" and g2 the 
expressions g[ and of Eqs (l38|) and (139!) for c = i. e. 



<,;(c = 0).<=-^^e-* s;(c = 0)^<,;^ '°--;''r''' e* (46) 



Then for A < 5 < and a > we find that 
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- ^[QlMe-^'^ - ^7'i'e^«) - M2]2 - AM^Q\,g'ie'^^] (46) 

+ ^[QlMe-^' - g'ie^') - - AM^Ql^g'ie^^ } (47) 

« = ^(^2V^°-f?ie'^°) (48) 

and that we must have 

M^>QL(vSe-^ + V^e^)2 (49) 

g'^e-^o _ g'^^^o > (50) 



We get the extremal solution if A = S < and a > 0. This happens if 
relation ( H9i) with the equality sign and relation ( l50l) hold. Also if A > 0, 
-B > and a > the metric has a naked singularity at r = 0. This happens 
if 

M2<gI,(V^e-^-y^e^)2 (51) 

A very interesting dyonic solution is obtained if in the above general 
dyonic solution given by Eqs ((361), ([IT]), (EOl) and (JSTD-dlOl) we put 

c = 0, 5-2 = ^ and 5(3 = -Ag'^gl (52) 
where g'l and g2 denote the values of g[ and g'2 'ii c = Then Eq fl36|) gives 

/-W = e-^ (53) 
and Eqs ([nD, (I20D and ([371)- (gOD become 

e^ = e^^{l + -) (54) 



r (r + a) (r + A) (r + ij) 

F_ = -^^^dr Adt + QMsinOde A # (56) 
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2Qe 2Qm 

That is if in the Lagrangian of Eq. ([1]) we have /{ip) = f-{i^) = Eqs 
fl54|) - fl56|) . where the constants A, B, a, ipo, Qe and Qm satisfy the relations 
flFr|) . give a dyonic solution. Eq. fISB]) tells us that the electromagnetic field 
is created by a point electric charge Qe^^" and a point magnetic charge Qm, 
which are located at the origin. 

The ADM mass of the solution is given by Eq. (122!) with c = i.e. 

2M = a- A - B (58) 

Also ipQ is the asymptotic value of ip and for the choice 

a>0, A<0, B <0 (59) 

which is consistent with the constraint Eqs (!57|) and for which 2M > 0, the 
metric is singular atr = 0,r = — A and r = —B. However the Ricci scalar R 
and the curvature scalar Rfj^^p^R'^''^" , which are given by Eqs ( l25i) and (!26il 
with c = 0, are singular only at r = 0. This means that the singularities at 
r = —A and r = —B are coordinate singularities and only at r = we have 
an irremovable singularity. The solution is a black hole solution with two 
horizons located at r = —A and r = —B. Also since a > the dilaton field 
%l) is singular only at r = 0. 

The action ([T]) if /('0) is the f-(ip) of Eq. flS51) is invariant under the 
transformation 

- 

Ofiu Qi^u, iJ ^ ij + b, F^y ^ e^Fnu (60) 

where b is a constant. This invariance leads to the conserved dilaton current 

= d^t/j + 2e-^F^,A^ (61) 

where A^ is the vector potential, from which we get the conserved dilaton 
charge 

^ = ils ^^'^^^ = ^^^^ 

where the integral is over a two-sphere at spatial infinity. In deriving the 
above expression for the dilaton charge we have assumed that A* vanishes at 
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infinity. Since the transformation fl6Up clianges -00 we can give it any value 
we want, for example the value zero. Therefore -00 cannot be considered as a 
parameter of the model. This means that we have only three free parameters, 
since we have the parameters A, B, a, Qm and Qe which must satisfy Eqs 
f l57|) . We shall choose as free parameters the mass M and the electric and 
magnetic charges Qe and Qm- 

If we define Q'^ and Q'j^j by the relations 

Q'^ = Qse-, Q'j,j = QMe— (63) 

and solve Eqs (!57|) and (!58|) for A, B and a in terms of M, Q'^; and Q'^ 
assuming that A < B < Q and a > we find 



A = ^{Q'm' - Q'e' - - ^{Q',,' - Q'i - 2M2)2 - SM^Q'^^^ (64) 
1 



B = J^{Q'm - Qe - 2M^ + V(Q'm' - Q'e" - 2M^f - SM^Q'^^} (65) 

« = ^(Qm'-Q'/) (66) 



and that we must have 



and 



V2M>\Q'j,,\ + \Q'e\ (67) 



\Q'm\-\Q'e\>^ (68) 
Using Eqs fl62|) and fl66|l we can express the dilaton charge D in terms of Q'^ 
and Qm- We get 

D = ^{Q'e' - Q'm') (69) 

We have for the extremal solution A = B < Q and a > 0. This happens 
if Eq. (ETD with the equality sign and Eq. (EHD hold. Also if A > 0, S > 
and a > the metric has a naked singularity at r = 0. This happens if 

^/2M <\Q',,\-\Q'j,\ (70) 

If Qm = ^he previous solution becomes the the GHS-GM solution for 
electric charge only. Also if Q'^ = this solution becomes 



ds' = (1 - -^^)df + (1 - -^^r'dr' + r(r + ^)rff] (71) 
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O' ^ 

r _|_ 

= ^ (72) 

r 

and if we replace r by r' = rH — ^ we get the GHS-GM solution for magnetic 
charge. 

The energy-momentum tensor T^^, of the solution given by Eqs (!5^ - (!571) 

is 

T^u = d^^d^ij + Ae-^F^pF/ - g^,{^d,4jd'ij + e-^F,^F^^} 

a' e e , 4g^/ , {r + A)ir + B) r{r + a) 

r2^r + a)''^' "'^rir + af^ r{r + a) (r + A) {r + B) ^' "^ ^ 

"^Q'm^, . . 2^. . ^ ,a\r + A){r + B) 2g'/ 2Q'^/ ^ 

-^7^4 ' 3^ i ^3 - r 1 ^3 + 3f l J 
r"^ 2r'^(r + a)-^ r[r + a)'^ r'^(r + a) 

(73) 

Calculating the eigenvalues of T^^ we can show that it satisfies the dominant 
as well as the strong energy condition outside and on the external horizon. 

The solution given by Eqs (l5^ - (!57l) has for A < B < and a > the 
Hawking temperature 



X^'{-A)\ B-A 



H 



An A-kA^A - a) 
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Also in the general dyonic solution we can put 



(74) 



c = 0, (71 = ^ and g^ = -Ag'[gl (75) 

where as before g'[ and g'^ denote the values of g\ and if c = 0. Then Eq 
( 136|) gives 

/+(^) = e'^ (76) 
and Eqs (in!), (EOD and (EZD-dlOl) become 

e'^ = 6^^0(1 + ^) (77) 



,2 (r + A)(r + S) ,0 r(r + a) . , , ,^ 

ds=-- — ^ — -dr + - — '——dr^ + r(r + a)dQ (78) 

r{r + a) {r + A){r + B) ^ ^ ^ ^ 
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F, = — -dr Adt + QMsinOde A d(j) (79) 
(r + ay 

a = ^ ^^-^ — ^ = 1 (80) 

In the above solution let us make the replacements 

r ^ r' = r ^ a, A ^ A = A - a, B B' = B - a, 

a ^ a' = —a, ip ^ ip' = —if}, ipQ ^ = —i/jq (81) 

Then we find that the solution given by Eqs (!771) - (!80|) in the primed quantities 
is identical to the solution given by Eqs (1541) - (1571) 
Finally in the general dyonic solution let as put 

c = and 2g';g'2 +93 = (82) 
where g" and g2 denote the values of g[ and g2 ii c = 0. Then Eq. (!36|) gives 

f± W = g'y + 92e-^ ± ^gfe'^ + gfe-'^ (83) 

Eqs (dZD, ([20]), dM]) and ^ become Eqs §^ and (USD, and Eqs (EZ]) 

and (HOj) take respectively the forms 



Qe , . , ^ ....... Q 



drAdt + QMsmOde A # = =^{g'i^ 



^ A g'l^ + ^2 , , x. }^^ A c/t + QAfS^n^ A # (84) 
+ ay \ r'* (r + ay 

Qe" = iglg^Qu^ (85) 

where g'[ and are given by Eqs (H5l) .If we use Eq. ( l85l) to determine Qe 
we can say that we have the parameters v4, a, -00 and Qm, which must 
satisfy Eqs fH5l) . Therefore if we introduce the ADM mass M by Eq. fl58|) 
we can take M, and as free parameters, and express A^ B and a by 
Eqs ( l46l) - ( l48l) . Then according to Ref. [7] the above is a "hairy" solution. 
The "hair" is "primary". 
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